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, Abstract 

On . In classical field theory, the composite fibred manifolds y ^ S — > X provides 

I the adequate mathematical formulation of gauge models with broken symmetries, 

^ ' e.g., the gauge gravitation theory. This work is devoted to connections on composite 

QJ • fibred manifolds. In particular, we get the horizontal splitting of the vertical tangent 

Q i bundle of a composite fibred manifold, besides the familiar one of its tangent bundle. 

I This splitting defines the modified covariant differential and implies the special 

^-H ■ fashion of Lagrangian densities of field models on composite manifolds. The spinor 

. composite bundles are examined. 

> ' 
(N ■ 

g : 1 Introduction 

(N : 

I ■ The geometric description of classical fields by sections of fibred manifolds Y X is 

^ , generally accepted. 

i Remark. All maps throughout are of class C°°. Manifolds are real, Hausdorff, finite- 

dimensional, second- count able and connected. By a fibred manifold is meant a surjective 
submersion 

■ n-.Y 

I provided with an atlas of fibred coordinates {x^,y^). A locally trivial fibred manifold is 

^ ■ termed the bundle. We denote by VY and V*Y vertical tangent and vertical cotangent 

■ bundles of Y respectively. For the sake of simplicity, the pullbacks 

YxTX and Fx T*X 

X X 

are denoted by TX and T*X respectively. We specify the following types of differential 
forms on fibred manifolds: 

r 

the exterior horizontal forms Y ^ A T*X, 

r 

the tangent-valued horizontal forms Y ^ A T*X TY, including soldering forms 

Y ^T*X (g)VY, 

Y 

and the pullback-valued forms Y ^ A T*Y O TX and F ^ A T*Y O T*X. □ 

Y Y 

The present article is devoted to composite fibred manifolds 

Y^E^X (1) 
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where F — > S is a bundle denoted by and E — X is a fibred manifold. 
In analytical mechanics, composite fibred manifolds 

F ^ S ^ R 

characterize systems with variable parameters represented by sections of S ^ R [|^. In 
gauge theory of principal connections on a principal bundle P whose structure group is 
reducible to its closed subgroup K, the composite fibred manifold 

P ^ P/K X 

describes spontaneous symmetry breaking ^, |TT]. Global sections of P/K ^ X are 
treated the Higgs fields. 

Application of composite fibred manifolds (|I]) to field theory is founded on the following 
speculations. Given a global section h of the fibred manifold S — > X, the restriction Yh of 
the bundle to h{X) is a fibred submanifold ofY X. There is the 1:1 correspondence 
between the global sections of Y^ and the global sections of the composite fibred 
manifold (0) which cover h. In physical terms, one says that sections Sh of Yh describe 
fields in the presence of a background parameter field h, whereas sections of the composite 
fibred manifold Y describe all the pairs {sh, h). It is important when the bundles Yh and 
Yh-th' fail to be equivalent in a sense. The configuration space of these pairs is the first 
order jet manifold J^Y of the composite fibred manifold Y and their phase space is the 
Legendre bundle 11 (|I^) over Y. 

In particular, the gauge gravitation theory is phrased in terms of composite fibred 
manifolds including composite spinor bundles whose sections describe spinor fields on a 
world manifold, p, |T^ . 

Let LX be the principal bundle of linear frames in tangent spaces to a world manifold 
X^. In gravitation theory, its structure group 

GLi = GL+(4,R) 

is reduced to the connected Lorentz group L = S0{3, 1). In accordance with the well- 
known theorem, there is the 1:1 correspondence between the reduced L-principal subbun- 
dles L^X of LX and the global sections h of the quotient bundle 

S := LX/L X^. (2) 

These sections are identified to the tetrad gravitational fields. 

Let us consider a bundle of complex Clifford algebras Ca^i over X^. Its subbundles 
are both a spinor bundle Sm X'^ and the bundle Ym X'^ of Minkowski spaces of 
generating elements of Cs^i. There is the bundle morphism 

7 : Ym ® Sm Sm 

which determines representation of elements of Y^/ by Dirac's 7-matrices on elements of 
the spinor bundle Sm- To describe spinor fields on a world manifold, one requires that 
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the bundle Ym is isomorphic to the cotangent bundle T*X of X^. It takes place if Ym is 
associated with some reduced L-principal subbundle L^X of the linear frame bundle LX. 
Then, there exists the representation 

: T*X ^Sh^Sh 

of cotangent vectors to a world manifold by Dirac's 7-matrices on elements of the 
spinor bundle Sh associated with the lift of L^X to a SL{2, C)-principal bundle. Sections 
of Sh describe spinor fields in the presence of a tetrad gravitational field h. 

The crucial point consists in the fact that, for different sections h and h' , the repre- 
sentations 7/i and '~^h' fail to be equivalent. It follows that a spinor field must be regarded 
only in a pair with a certain tetrad field h. There is the 1:1 correspondence between these 
pairs and the sections of the composite bundle 

5 S ^ (3) 

where S" — S is a spinor bundle associated with the SL{2, C)-lift of the L-principal bundle 
LX S. 

Dynamics of fields represented by sections of a fibred manifold Y ^ X is phrased in 
terms of jet manifolds |l|, |^, |^, |8|, p!^ . 



Remark. Recall that the fc-order jet manifold J^F of a fibred manifold Y comprises 
the equivalence classes j^s, x G X, of sections s of F identified by the {k + 1) terms of 
their Taylor series at x. The first order jet manifold J^Y of Y is both the fibred manifold 
J^Y ^ X and the affine bundle J^Y ^Y modelled on the vector bundle T*X ® VY . It 

Y 

is endowed with the adapted coordinates {x^,y\y\): 



dy^ ^ dxi'^dx'^' 
We identify J^Y to its image under the canonical bundle monomorphism 

A : J^Y^T*X^TY, 

Y Y 

X = dx''®{dx + fA). (4) 

Given a fibred morphism of $ : F — > F' over a diffeomorphism of X, its jet prolongation 
ji$ : jiy ^ jiy reads 

A section s of the fibred jet manifold J^Y ^ X is called holonomic if it is the jet 
prolongation s = J^s of a section s of F ^ X. There is the 1:1 correspondence between 
the global sections 

T = dx^® {dx + T\d{) (5) 
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of the affine jet bundle J^Y ^ Y and the connections on the fibred manifold Y ^ X. 
These global sections form the affine space modelled on the linear space of soldering forms 
on Y . Every connection F on F — > X yields the first order differential operator 

Dr : J^Y T*X (g) VY, 

Y Y 

on Y X which is called the covariant differential relative to the connection F. □ 

In firld theory, we can restrict ourselves to the first order Lagrangian formalism when 
the configuration space of sections of y — >■ X is the first order jet manifold J^Y of Y. A 
Lagrangian density on J^Y is defined to be a morphism 

L:J^Y^AT*X, n = dimX, 
L = Cuj, LU = dx^ A ... A dx"'. 

Note that since the jet bundle J^Y —^Yis affine, every polynomial Lagrangian density 
of field theory factors 

L: J^Y ^T*X®VY ^AT*X. (6) 

The feature of the dynamics of field systems on composite fibred manifolds consists in 
the following. 

Let y be a composite manifold (|l]) provided with the fibred coordinates (x'^, cr™, 
where {x^, a^) are fibred coordinates of S X. Every connection 

As = dx^ ® {dx + A'A) + da"" ® {8^ + Al^d,) (7) 

on the bundle Y H yields the splitting 

VY = VYj:®{Y xVJ:) (8) 
y s 

and, as a consequence, the first order differential operator 



D: J^Y ^ T*X ® VY^ 

Y 

D = dx^®{y\-A\-A'^a^)d,, 

on Y . Let h he & global section of S — > X and Y^ the restriction of the bundle Yj] to 
h{X). The restriction of D to J^Y^ C J^Y comes to the familiar covariant differential 
relative to a certain connection Ah on Yh. Thus, it is D that we may utilize in order to 
construct a Lagrangian density 

L: J'^Y ^T*X®VY^^AT*X (9) 
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for sections of a composite manifold. It should be noted that such a Lagrangian density 
is never regular because of the constraint conditions 

If a Lagrangian density is degenerate, the corresponding Euler-Lagrange equations are 
under det ermined . 

To describe constraint field systems, the multisymplectic generalization of the Ha- 
miltonian formalism in mechanics is utilized |^, 0, |], |12|. In the framework of this 
approach, the phase space of sections of F — X is the Legendre bundle 

n = A r*x ® Tx ® (lo) 

Y Y 

over Y . It is provided with the fibred coordinates (a;^, y^,pf)- Note that every Lagrangian 
density L on J^Y determines the Legendre morphism 

L: J^Y ^ n. 

Its image plays the role of the Lagrangian constraint space. 
The Legendre bundle (0) carries the multisymplectic form 

n = dpf Ady' Auj ®dx. 

We say that a connection 7 on the fibred Legendre manifold 11 ^ X is a Hamiltonian 
connection if the form 7jf2 is closed. Then, a muiltimomentum Hamiltonian form H on 
n is defined to be an exterior form such that 

dH = -f\n 

for some Hamiltonian connection 7. 

The major feature of Hamiltonian systems on composite fibred manifolds lies in the 
following |Tl|. Let F be a composite fibred manifold (p. The Legendre bundle H over Y 
is coordinatized by 

ix\a^,y\pi,p^). 

Let Ay, be a connection (|^ on the bundle Is- With a connection A-^, the splitting 

U = AT*X^TX^[V*Yj:®(YxV*E)] (11) 
Y Y y s 

of the Legendre bundle H is performed as an immediate consequence of the splitting (|]). 
Given the splitting (0), the Legendre bundle H can be provided with the coordinates 

Pi Pi ^ Pm Pm ~^ ^mPi 
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which are compatible with this sphtting. 

In particular, let h he a global section of the fibred manifold S. It is readily observed 
that, given the splitting (pA]), the submanifold 

of the Legendre bundle 11 over Y is isomorphic to the Legendre bundle Uh over the 
restriction of to h{X). 

Let a multimomentum Hamiltonian form be associated with a Lagrangian density (^) 
which contains the velocities a™ only inside the differential D. Then, the Lagrangian 
constraints read 

2 Composite fibred manifolds 

The composite fibred manifold (or simply the composite manifold) is defined to be com- 
position of surjective submersions 

vrsx o vrys : I' ^ S ^ X. (12) 

Roughly speaking, it is the fibred manifold Y ^ X provided with the particular class of 
coordinate atlases (x'*', a™, ?/*): 

x'" = f\xn, a'™ = r(x^a"), y" = f (a;^ a", y^), 

where (x'^,0"™') are fibred coordinates of S ^ X and are bundle coordinates of Y^,. 
Note that if the fibred manifold S also is a bundle, the composite manifold Y fails to be 
a bundle in general. We further propose that E has a global section. 
Recall the following assertions p|, |13[ . 

Proposition 1. Let Y be the composite manifold (0). Given a section /i of S and a 
section of Yj^, their composition sj:,oh obviously is a section of the composite manifold 
Y. Conversely, if the bundle has a global section, every global section s of the fibred 
manifold Y X is represented by some composition s^, o h where h = vry^ o s and ss is 
an extension of the local section h{X) — > s{X) of the bundle Is over the closed imbedded 
submanifold h{X) C S. □ 

Proposition 2. Given a global section h of S, the restriction Yh = h*YY, of the bundle 
Yy, to h{X) is a fibred imbedded submanifold of Y . □ 

Corollary 3. There is the 1:1 correspondence between the sections Sh of Y^ and the 
sections s of the composite manifold Y which cover h. □ 
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Given fibred coordinates {x^ , a"^ , y^) of tlie composite manifold Y, the jet manifolds 
J^S, J^ls and J^Y are coordinatized respectively by 



(x^ a^, ar), (x^ a'", y\ yl, y^^), (x^ a"^, y\ Z/l). 
Proposition 4. There exists the canonical surjection 

E 



(13) 



where and h are sections of and S respectively. □ 

Corollary 5. Let Aj^ be the connection (|^) on the bundle and F the connection 
d^) on the fibred manifold S. Building on the morphism ([T3|), one can construct the 
composite connection 

A = dx^0 [dx + T^d^ + (AIT^ + (14) 
on the composite manifold Y in accordance with the commutative diagram 

U J^Y 



J^S X J^Y^ 



rx^E 



S X ' — Y 

E TTysXldy 



□ 



Let a global section /i of S be an integral section of the connection F on S, that is, 
r o h = J^h. Then, the composite connection (|T^) on Y is reducible to the connection 

Af, = dx^ ® [d, + {A^dxh"' + il)9,] (15) 

on the fibred submanifold Y^ oi Y ^ X in accordance with the commutative diagram 

J^Yh '^J^Y 



Yh ^ Y 

In particular, every connection A-^, (|^) on Yj^, whenever h, is reducible to the connection 
(H) on n. 
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3 Connections on composite manifolds 

Given a composite manifold (0), we have the exact sequences 

VY^ ^VY xVT.^Q, 

s 

^ F X V*S ^ V*Y ^ 

s 

over y, besides the famihar ones 

^ ^ TF ^ F X TX ^ 0, 

X 

^ r X TX ^ T*Y V*Y 0. 

X 

Proposition 6. There exist the canonical splittings 

J^Fs xVY = VYj: ©(Fx VS), 
Y .nv s 

of the vertical tangent bundle VY of F ^ X and 

J^Y X V*Y = V*Yj: ©(Fx 

i/idy' + amda"" = yi{dy' - y'^a"^) + {&m + yinyi)d<^ 
of the vertical cotangent bundle V*Y of Y . □ 
The proof is starightforward. 

These splittings add the familiar canonical horizontal splittings 

J^Y xTY = TX © VY, 
jiy X T*Y = T*X © V*Y. 

Y J^Y 

Corollary 7. Every connection (0) on the bundle Yj] determines: 
(i) the horizontal splitting 

VY = VYj:®{Y xVE), 

Y E 

y'd, + &"'dm = {y' - Al^&^)d^ + &^id„, + Al^di 
of the vertical tangent bundle VY of Y, 



m 

5 
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(ii) the dual horizontal splitting 

V*Y = V*Ys®(Y xV*E), (17) 

Y S 

Vidy' + a^mda"" = yi{dy' - A^^da"") + (d^ + Al^y^)dc^"', 
of the vertical cotangent bundle V*Y of Y. 



□ 



It is readily observed that the sphttings (|1^) and (|T^ are uniquely characterized by 
the form 

uj AAj: = uj Ada"" ®{d„, + Ai^di), (18) 

and different connections As can define the same sphttings ([l6| ) and ([TTI) . 

Building on the horizontal splitting (0), one can constract the following first order 
differential operator on the composite manifold Y: 



D = pt.oDa: J'Y T*X (^VY ^ T*X VYj^, 

Y Y 

D = dx^® [y\ - A\ - A'.Mx - ^^)]^^ = dx' ® {y\ - I\ - Al^aT)d., (19) 

where Da is the covariant differential relative to the composite connection A (|T^) which 
is composition of As and some connection F on S. We shall call D the vertical covariant 
differential. This possesses the following property. 

Given a global section h of E, let F be a connection on S whose integral section is h. 
It is readily observed that the vertical covariant differential (|T9|) restricted to J^Y^ C J^Y 
comes to the familiar covariant differential relative to the connection A^ ( P^D on Y^. 
Thus, it is the vertical covariant differential (|19D that we may utilize in order to construct 
a Lagrangian density (^ for sections of a composite manifold. 

Now, we consider connections on a composite manifold Y when Fs is a vector bundle. 
Let a connection A on y be projectable to a connection F on S in accordance with the 
commutative diagram 



Y — > S 

Let 

A = dx^® (d, + F™(a)9„ + A',xicT)yW,) (20) 

be a linear morphism over F. The following constructions generalize the familiar notions 
of a dual linear connection and a tensor product linear connection on vector bundles. 

Let Y* ^ H ^ X he a composite manifold where ^ S is the vector bundle 
dual to Is- Given the projectable connection (pO]) on Y over F, there exists the unique 
projectable connection 

A* = dx^ ® {dx + F^a„ - A^,xy,d'). 
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on y* ^ X over T such that the following diagram commutes: 



AxA* 



s 



J^S x(T*X X R) 



rxOxId 







S X R 



where is the zero section of T*X. We term A* the connection dual to A over F. 

Let y — s> S ^ X and F' — S ^ X be composite manifolds where y ^ S and F' ^ S 
are vector bundles. Let A and A' be the connections ( pOD on F and y respectively which 
are projectable to the same connection F on S. There is the unique projectable connection 



A®A' = dx^® [dx + F™9™ + (A*,A2/^' + 

on the tensor product Y ®Y' X such that the following diagram commutes: 

s 



(21) 



j^Y X jiy 



AxA' 



YxY' 
s 



® Y') 



Y®Y' 
s 



A^A' 



It is called the tensor product connection over F. 

In particular, let F ^ X be a fibred manifold and F a connection on Y . The vertical 
tangent morphism VT to F determines the connection 

VT -.VY ^ VJ^Y = JWY, 

VT = dx' ® {d, + Fl A + d.Tiy^^), 



on the composite manifold VY Y X . The connection VT is projectable to F, and 
it is a linear bundle morphism over F. It yields the connection 



,■ d 



d 



V*T = dx^ ® {dx + T\— - djT\yi—) 



dy^ 



(22) 



on the composite manifold V*Y —^Y-^X which is the dual connection to VT over F. 

For instance, every connection F on a fibred manifold Y ^ X gives rise to the con- 
nection 



F = da;" ® [dx + T\{y)d, + {-d,T\{y)p>t - K^',x{x)p'< + 



(23) 



on the fibred Legendre manifold 11 — > X where is a symmetric linear connection 



K 



X 



-f^^A(x)i^ 

= K\x{x)x,, 
K\x = K\,, 
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on the bundles TX and T*X. The connection (p3D is the tensor product ( pT]) [over F] of 
the connection F x on the pullback composite manifold 



Y X "a^ T*X ^Y ^X 

X 



and the connection V*Y (]22|) on the composite manifold ^ Y X . The connection 
p3| ) covers the connection F on the fibred manifold Y —>■ X. These connections play the 
prominent role in the multisymplectic Hamiltonian formalism. Let F be a connection on 
the fibred manifold Y ^ X and 

f := F o vTny : n ^ F ^ J% 
f = dx^(g)idx + T\d^), 

its pullback by vrny onto the Legendre bundle 11 over Y. Then, the lift F (^) of F onto 
the fibred Legendre manifold 11 — > X obeys the identity 

r\Q = d(r\e). 

A glance at this identity shows that F is a Hamiltonian connection. 

4 Composite fibration of principal bundles 

Let TTp : P — s> X be a principal bundle with a structure Lie group G which acts freely and 
transitively on P on the right: 

rg-p^pg, pe P, g EG. 

Let K he a. closed subgroup of G. We have the composite manifold 

TTsx O TTpE : P ^ P/K ^ X (24) 

where 

Ps := P ^ P/K 

is a principal bundle with the structure group K and 

J^K = P/K = (P X G/K)/G 

is the P-associated bundle with the standard fiber G/K on which the structure group G 
acts on the left. 

Let the structure group G be reducible to its closed subgroup K. Recall the 1:1 
correspondence 

vrps(Ph) = (/io7rp)(P,,) 
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between the global sections h of the bundle P/ K ^ X and the reduced i^-principal 
subbundles Ph of P which consist with restrictions of the principal bundle Ps to h{X). 

Given the composite manifold (0), the canonical morphism ( |T3| ) results in the surjec- 
tion 

J^Pj:/K X J^S ^ J^P/K 

over J^S. Let Aj^ be a principal connection on and F a connection on S. The 
corresponding composite connection (|l^ on the composite manifold (p^) is equivariant 
under the canonical action of K on P. If the connection F has an integral global section 
h of P/K ^ X, the composite connection (|1^ is reducible to the connection (|15D on Ph 
which consists with the principal connection on Ph induced by Aj]. 
Let us consider the composite manifold 

Y = {PxV)/K ^ P/K X (25) 

where the bundle 

:= (P X V)/K ^ P/K 

is associated with the i^'-principal bundle P^. Given a reduced subbundle Ph of P, the 
associated bundle 

Yh = (Ph X V)/K 

is isomorphic to the restriction of Y^, to h{X) C T^k- 

Note that the manifold (P x V)/K possesses also the structure of the bundle 

Y = {Px{Gx V)/K)/G 

associated with the principal bundle P. Its standard fibre is [G xV)/K on which the 
structure group G of P (and its subgroup K) acts by the law 

G3g:{Gx V)/K {gG x V)/K. 

It differs from action of the structure group K of P^ on this standard fibre. As a shorthand, 
we can write the latter in the form 

K3 g:{Gx V)/K ^ (G x gV)/K. 

However, this action fails to be canonical and depends on existence and specification of a 
global section of the bundle G ^ G / K . If the standard fibre V of the bundle Y-^ carriers 
representation of the whole group G, these two actions are equivalent, otherwise in general 
case. 
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5 Composite spinor bundles 



By is further meant an oriented world manifold which satisfies the well-known global 
topological conditions in order that a spinor structure can exist. To summarize these 
conditions, we assume that X'^ is not compact and the linear frame bundle LX over X^ 
is trivial. 

Given a Minkowski space M with the Minkowski metric r], let 

Am = © M", M° = R, M">° = I) M, 

n 

be the tensor algebra modelled on M. The complexified quotient of this algebra by the 
two-sided ideal generated by elements 

e(g)e' + e (g)e- 2T]{e, e') G Am, e G M, 

constitutes the complex Clifford algebra Ci_3. A spinor space V is defined to be a linear 
space of some minimal left ideal of C1.3 on which this algebra acts on the left. We have 
the representation 

'y-.M^V-^V (26) 
of elements of the Minkowski space M C Ci,3 by Dirac's 7-matrices on V: 

where {e°...e^} is a fixed basis for M, va is a basis for V . 

Let us consider the transformations preserving the representation (pG]). These are pairs 
(/, Is) of Lorentz transformations / of the Minkowski space M and invertible elements Ig 
of Ci,3 such that 

IM = lsMl-\ 

^{lM®lsV) = lsi{M®V). 

Elements Is form the Clifford group whose action on M however is not effective. We 
restrict ourselves to its spinor subgroup Lg = SL{2, C) whose generators act on V by the 
representation 

lab = ^[7a,7f>]- 

Let us consider a bundle of complex Clifford algebras C3^i over X^. Its subbundles 
are both a spinor bundle Sm — ^ X"^ and the bundle Ym — > X^ of Minkowski spaces of 
generating elements of C3^i. To describe spinor fields on a world manifold, one must 
require Ym be isomorphic to the cotangent bundle T*X of a world manifold X^. It takes 
place if the linear frame bundle LX contains a reduced L subbundle L^X such that 

Ym = {L^X X M)/L. 
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In this case, the spinor bundle Sm is associated with the L^-hft Ph of L^X: 

SM = Sh = {Ph X V)/Ls. (27) 

There is the above-mentioned 1:1 correspondence between the reduced subbubdles 
L^X of LX and global sections h of the bundle S (^. 

Given a tetrad field h, let be an atlas of LX such that the corresponding local 
sections Zc of LX take their values into L^X. With respect to and a holonomic atlas 
\ifT = {^1^} of IX ^ a tetrad field /i can be represented by a family of G'L4-valued tetrad 
functions 

They are GL4-valued functions of atlas transformations 

dx^ = hl{x)h'' (28) 

between the fibre bases {dx^} and {h""} for T*X associated with \E'^ and respectively. 
Given a tetrad field h, one can define the representation 

7;, : T*X ®Sh = {Ph X (M ® V))/L, ^ (P^ x 7(M ® V))/L, = (29) 

of cotangent vectors to a world manifold by Dirac's 7-matrices on elements of the 
spinor bundle Sh- With respect to an atlas {z^} of Ph and the associated atlas {z^} of 
LX, the morphism (^9]) reads 



Ihih'' ® /wa(x)) = -f^^BV^VAix) 

where {va{x)} are the associated fibre bases for Sh- As a shorthand, one can write 

dx^ = jh{dx^) = h^a{x)Y. 

On the physical level, one can say that, given the representation (|29|), sections of the 
spinor bundle Sh describe spinor fields in the presence of the tetrad gravitational field h. 
Indeed, let be a principal connection on Sh and 

D : J^Sh-^T*X ®VSh, 

D = {y^- A-\{x)hb^By'')dx^ ® 5a, 

the corresponding covariant differential. Given the representation (PU[), one can construct 
the Dirac operator 

Vh = ihoD: j'Sh ^ T*X ® VSh ^ VSh, (30) 

Sh 
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We here use the fact that the vertical tangent bundle VSh admits the canonical splitting 



and ■jh in the expression (^) is the puUback 

'yh:T*X®VSh-^VSH, 

Sh Sh 



over Sh of the bundle morphism (|29|). 

In the presence of different tetrad fields h and h' , spinor fields are described by sections 
of spinor bundles Sh and Sw associated with L^-lifts Ph and Pw of different reduced 
L-principal subbundles of LX. Therefore, the representations 7/1 and 7/^/ are not 
equivalent p, |10[. It follows that a spinor field must be regarded only in a pair with 



a certain tetrad field. In accordance with Corollary 3, there is the 1:1 correspondence 
between these pairs and sections of the composite spinor bundle (|]). 
We have the composite manifold 

TTsx oTip^: LX -^T.^ (31) 

where S is the quotient bundle (0) and 

LXs := LX ^ S 

is the L-principal bundle. 

Building on the double universal covering of the group GL4, one can perform the 
Lg-principal lift Ps of LX^, such that 

P^/L, = E, LXs = r(Ps). 

In particular, there is imbedding of Ph onto the restriction of Pe to /i(X^). 
Let us consider the composite spinor bundle (^) where 

5s = (Pe X V)/L, 

is associated with the L^-principal bundle P^. It is readily observed that, given a global 
section h of S, the restriction S-^ to h^X"^) is the spinor bundle Sh (0) whose sections 
describe spinor fields in the presence of the tetrad field h. 

Let us provide the principal bundle LX with a holonomic atlas {'ipj, U^} and the 
principal bundles Ps and LX^; with associated atlases {z^, U^} and {z^ = r o z^}. With 
respect to these atlases, the composite spinor bundle is endowed with the fibred coordi- 
nates {x^,a^,y'^) where {x^,a^) are fibred coordinates of the bundle E such that are 
the matrix components of the group element 

GL^ 3 (^J o z,){a) : R^ a G f/„ 7rsx(f^) G f/^- 
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Given a section /i of S, we have 

z^{x) = {z^ o h){x), h{x) e f/,, X e f/g, 
(a^/.)(x)=/i^(x), 

where /^^(a;) are tetrad functions (pSl). 

The jet manifolds J^E, 7^5*2 and J^S* are coordinatized by 

<x), v\ vt y\ vx)- 

Note that, whenever h, the jet manifold J^Sh is a fibred submanifold of J^S given 
by the coordinate relations 

< = Ki^). <x = dxKix). 
Let us consider the bundle of Minkowski spaces 

{LX xM)/L^J: 

associated with the L-principal bundle LXj^. Since LX-^ is trivial, it is isomorphic to the 
puUback S x T*X which we denote by the same symbol T*X. Building on the morphism 

X 

p6|), one can define the bundle morphism 

7E : T*X I 5s = (Pe X (M ® ^ (Ps x 7(M ® F))/L, = S^, (32) 

over E. When restricted to h{X'^) C S, the morphism (|3^) comes to the morphism 7/1 
Because of the canonical vertical splitting 

the morphism (|32D yields the corresponding morphism 

^j::T*X^VS^^VSj:. (33) 

We use this morphism in order to construct the total Dirac operator on sections of the 
composite spinor bundle S (|]). We are based on the following fact. 
Let 

A = dx^® (dx + A^Ob) + da^ ® (9; + A^I^S^) (34) 

be a connection on the bundle Sy.. It determines the horizontal splitting (|1^) of the 
vertical tangent bundle VS and the vertical covariant differential (0). The composition 
of morphisms ( |33D and (|1^) is the first order differential operator 



P = 7s o P) : ^ T*X O VSj: VSi 

s 
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aXJi 

on 5*. One can treat it the total Dirac operator since, whenever a tetrad field h, the 
restriction of T> to J^Sh G J^S comes to the Dirac operator T>h (|30|) with respect to the 
connection 

Ah = dx^ ® [dx + (If + A''';dxK)dB] 

on Sh- 

To construct the connection (^) in explicit form, let us set up the principal connection 
onthe bundle LXj^ which is given by the local connection form 



A^ = + A^^lda^) ® /, 



A 



ab 



1 



M 2 



A 



abc 



TZi' ^X t ^cb „a ^ca „b\ 

1 

2' 



(35) 



(36) 



where K is some symmetric connection on TX and ( P5| ) corresponds to the canonical 
left- invariant free-curvature connection on the bundle 

GL^ — > GLi^j L. 

Given a tetrad field h, the connection (|35D is reduced to the Levi-Civita connection 
An = ]^[K\,<y^M'< - ^^V^) + d,h^M'< - ^^V^)] 

on L^X. 

The connection (|^) on the spinor bundle Sy, which is associated with A^, ( ^51) reads 



It determines the canonical horizontal splitting ([Tq) of the vertical tangent bundle VS 
given by the form 
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